Abstract. In this note we show existence of bounded, transitive cocycles over a transitive action of a finitely generated group, and bounded, ergodic cocycles over an ergodic, probability preserving action of Z d .
§0 Introduction
Cocycles and skew product actions.
Let Γ be a countable group and let X be a space (below X will either be a Polish, metric space or a standard probability space) and let T : Γ → Aut (X) be a homomorphism (aka Γ-action). In the sequel Aut (X) = Homeo (X) in the topological case and Aut (X) = PPT (X) the group of probability preserving transformations, in the probabilistic case.
Let G be an Abelian topological group. To define a Γ-skew product action on X × G, we need a cocycle, that is a function F : Γ × X → G satisfying
The F -skew product action is then defined on X × G by
n (x, z) := (T n (x), z + F (n, x)).
This is an action of Γ (T (F )
ℓ ) because of (L).
In case Γ = Z, it is easy to exhibit cocycles. Let ϕ : X → G and define F = F (ϕ) : Z × X → G by
This is a cocycle (with ϕ(x) = F (1, x)) and indeed any cocycle is of this form. We sometimes write T (F ) n = T n ϕ where T ϕ : X ×G → X ×G is the skew product transformation defined by T ϕ (x, z) := (T (x), z+ϕ(x)).
See [Sni30] and [Bes37] for the first topologically transitive skew product Z-actions on T × R.
Hölder continuous cocycles.
Let Example 1. Let (X, T ) = (({0, 1} × {0, 1}) Z , Shift) and denote a member ω ∈ ({0, 1} × {0, 1}) Z by ω = ((x n , y n ) : n ∈ Z).
2 is Hölder continuous as above. The skew product Z-action T (F ) is generated by the skew product transformation T ϕ : X × Z 2 → X × Z 2 which is a homeomorphism of the perfect, Polish space X × Z and preserves the locally finite measure m = µ × # where µ ∈ P(X) is symmetric, product measure on X and # is counting measure on Z 2 . It is the well known simple random walk on Z 2 . As shown in [HR53] , T ϕ is ergodic with respect to m and hence topologically transitive.
Analogously defined simple random walks on Z d (d ≥ 3) are dissipative by the local limit theorem (see e.g. [Bre68] ) whence not ergodic. They are however topologically transitive.
This simple random walk construction has no ergodic analogues for higher dimensional actions. The reason is basically
where S is a finite set and let F : Z 2 × X → R k be a Hölder continuous cocycle, then
where g : X → R k is Hölder continuous and H :
This can be deduced from more general results in [Sch95] which is a symbolic dynamics version of a similar result for multidimensional Anosov actions (theorem 2.9 in [KS94] ).
Consequently,
where S is a finite set. There is no Hölder continuous cocycle F : Z 2 × X → Z 2 with the skew product (X × B, T (F ) ) topologically transitive.
Proof
Let F : Z 2 × X → Z 2 be a Hölder continuous cocycle. By Schmidt's theorem
where g : X → Z 2 is Hölder continuous and H : Z 2 → Z 2 is a homomorphism.
It follows that the action (X × Z 2 , T (F ) ) is continuously conjugate to the product action (X × Z 2 , T × H) where H n (z) := z + H(n). It suffices to show that this product action is not transitive. In case
In case H(Z 2 ) = Z 2 , fix A, B ⊂ X, disjoint, nonempty clopen sets and set
These are disjoint, nonempty, open, T × H-invariant sets contradicting transitivity of (X × Z 2 , T × H).
More generally, let S be a finite set, let d, D ≥ 2 and let (X, T ) = (S Z d , Shift) and let m ∈ P(X) be symmetric product measure. Let G ≤ R D be a closed subgroup. An argument similar to that above shows that: ¶ If dim span G ≥ d, then no Hölder continuous cocycle F : Z d ×X → G has a topologically transitive, skew product action (X × G, T (F ) ). On the other hand, it can be shown that
) is ergodic (see the end of this introduction).
As a consequence of , we have that whenever
is an ergodic action on the probability space Y , there is a cocycle G :
To see this let dim span G = d − 1 and let T : Z d → Aut (X) be the shift action as above and let F : Z d × X → G be the ergodic cocycle as in . By [CFW81] , the actions T & S are orbit equivalent. The orbit equivalence transports F to an cocycle G :
is ergodic. However, regularity properties of F (e.g. boundedness) need not pass to G.
For Z actions, the following is known.
• For (X, T ) a topologically transitive homeomorphism of a perfect, Polish space and B a separable Banach space there is a continuous function F : X → B so that the skew product homeomorphism (X × B, T F ) is topologically transitive. See [Sid73] .
• For (X, B, m, T ) an ergodic, probability preserving transformation and G a locally compact, Polish, amenable group, there is bounded, measurable function F :
This paper is concerned with generalizations of the above for actions of multidimensional groups.
We prove:
Theorem 1 Let X be a perfect, Polish space, Γ be a countable, finitely generated group and let (B, · B ) be a separable Banach space.
If T : Γ → Homeo (X) is a topologically transitive action, then there is a bounded, continuous cocycle h : Γ×X → B so that the skew product action (X × B, T h ) is topologically transitive.
D be a closed subgroup of full dimension and let S ⊂ G be finite, symmetric and generating in the sense that S = G.
Let T be an ergodic Z d -action of the standard non-atomic probability space (X, B, m). There is a bounded, measurable cocycle F :
Here and throughout, e
. In other words, {e
When the dimension d is unambiguous, we suppress it and write e
The proof of theorem 1 is given in §2 and that of theorem 2 is given in §3. In both proofs the advertised cocycles are limits of coboundaries satisfying finite essential value conditions.
We finish this introduction with a
Proof of
). The action (X, T, m) is strongly mixing, whence mildly mixing. By [SW82] , the product
is ergodic if and only if the action (R
where ∼ = denotes measure theoretic isomorphism of actions and
Thus, by ergodicity of R α , F is a.e. constant and J is ergodic. Conservativity follows as the underlying measure space is non-atomic. §1 Proof of theorem 1
Suppose that (X, T ) is a free action of the countable Γ by homeomorphisms on a complete, separable, perfect metric space (X, d).
Bounded, continuous cocycles.
We denote the collection of bounded, continuous (abbr. BC) B-valued functions by C B (X, B). It is a Banach space when equipped with the supremum norm
We call the cocycle h :
Denote the collection of BC, B-valued functions by C B (X, B) and the collection of BC, B-valued cocycles for T by Coc (X, T, B). Fixing a finite, symmetric generator set Σ for Γ, we may define
It is not hard to see that (Coc (X, T, B), · Coc ) is a Banach space.
Word metric on Γ.
Fixing the finite, symmetric generator set Σ, we also define a norm on Γ by
The left invariant Σ-word metric on Γ is the distance
It is easy to see that for N ∈ Γ & h ∈ Coc (X, T, B),
Coboundaries. The cocycle h ∈ Coc (X, T, B) is a BC coboundary if for some c ∈ C B (X, B), (also known as transfer function)
In this case we denote h := ∇c.
We denote the collection of BC coboundaries by
It is easy to see that ∂C B (X, B) ⊂ Coc (X, T, B).
The cocycle advertised in theorem 1 will appear in ∂C B (X, B) .
Topological essential values at a transitive point.
Let h ∈ Coc (X, T, B), fix a T -transitive point x 0 ∈ X and set
For U ∈ T x 0 , t ∈ B, n ∈ Γ & ǫ > 0 we'll need the "essential value conditions"
where R is the h-skew product action.
It is immediate that E(h, x 0 ) is closed and that (x 0 , t) ∈ {T n h (x 0 , 0) : n = 1, 2, ...} ∀ t ∈ E(h, x 0 ). Using this and T h -invariance, we see ( ) when E(h, x 0 ) = B.
Lemma 2
Let
Proof
Suppose that F g = c−c•T g where c ∈ C(X) and find W ∈ T x 0 , W ⊂ V so that
Next, fix E > 0 so that the sets
Here, for x ∈ X, r > 0, B(x, r) := {y ∈ X : d(y, x) ≤ r} is the closed r-ball centered at x. Let
where d(B, x) := inf y∈B d(y, x) and a + := max{a, 0} for a ∈ R. It follows that
and that
It follows that g ∈ C B (X, B). Define h(n, x) := g(T n x) − g(x). It follows from the above that
To see that h satisfies EVC(x 0 , W, s, 0, N), we have that
It follows from lemma 2 that E(x 0 , V, s, ∆) is open and dense in ∂ Coc (X, T, B) .
N dense, and taking each value i.o.; and
is residual in ∂ Coc (X, T, B). By proposition 1, for each h ∈ E we have that E(h, x 0 ) = B & hence
This proves theorem 1. §2 Proof of theorem 2
We adapt here from §3 of [ALV98] the essential value conditions or EVC's, which give countably many conditions for the ergodicity of the the skew product action
. These are best understood in terms of cocycles with respect to the orbit equivalence relation of -, and the groupoid of T (see [FM77] ).
Orbit cocycles. The orbit equivalence relation generated by the
An R-cocycle is a measurable functionφ :
Groupoid.
A partial probability preserving transformation of X is a pair (R, A) where A ∈ B and R : A → RA is invertible and m| RA • R −1 = m| A . The set A is called the domain of (R, A). We'll sometimes abuse this notation by writing R = (R, A) and A = D(R). Similarly, the image of (R, A) is the set ℑ(R) = RA.
An R-holonomy is a partial probability preserving transformation R of X with the additional property that (x, R(x)) ∈ R ∀ x ∈ D(R).
The groupoid of R (or of T ) is the collection [[R]] = [[T ]] := {R-holonomies}.
The full group of R is
The cocycle property ensures that
An R-holonomy can be thought of as a random power of T . For A ∈ B(X) and χ :
Any R-holonomy is of this form.
The orbit equivalence relation of the skew product action T (ϕ) is given by
Essential value conditions. Let A ∈ B, U a subset of G, and c > 0. We say that the measurable cocycle ϕ :
This is in honor of the collection of essential values introduced in
It is shown in [Sch77] that E(T, ϕ) is a closed subgroup of G and that
The following is a standard consequence of this. See [ALV98] or [AW04] .
Ergodicity Proposition
The skew product action T (ϕ) is ergodic with respect to the product measure m × m G iff ∃ • a countable base U for T 0 ; • a countable, dense collection A ⊂ B; • a countable collection S ⊂ G so that S = G and a number 0 < c < 1 such that ϕ satisfies EVC T (σ + U, c, a) ∀ a ∈ A, σ ∈ S, U ∈ U.
Essential value conditions are impervious to small changes. The following is a standard modification of lemma 3.5 of [ALV98] .
Stability Lemma
If ψ :
Coboundaries.
The advertised cocycle is constructed as a limit of coboundaries, a coboundary being a cocycle ψ :
where F : X → G is a measurable function called the transfer function. We'll denote the coboundary with transfer function F by
We'll consider Z d as a discrete metric space and write
Rokhlin towers.
A Rokhlin tower is a collection T = T N,B = {T k B : k ∈ Σ N } where B ∈ B is such that these sets are disjoint.
The breadth of T = T N,B is N T = N, the base is B T = B & the error of the Rokhlin tower is ǫ T := m(X \ k∈Σ N T k B).
The Rokhlin Lemma for Z d actions as in [Con73] and [KW72] , (see also [OW87] and [AC16] ) says that any free, ergodic, probability preserving Z d action has Rokhlin towers of any breadth and error (in (0, 1) ).
Castles.
A castle is an array of disjoint Rokhlin towers with the same breadth. A castle may be derived from a Rokhlin tower by partitioning its base.
The interior of T N,B is Let Q ⊂ Σ N . We'll write
Purifications.
Given a Rokhlin tower T N,B and a partition α ⊂ B, the α-purification of B is is the partition
of B and the α-purification of T N,B is the corresponding castle
For the rest of this paper, we fix a finite, symmetric generator set S ⊂ G \ {0}.
Step functions.
Let P = {T k b : k ∈ Σ N , b ∈ β} be a purification of the Rokhlin tower T = T N,B . A P-step function F : X → Z is one of form
It is called T -internal if F | T ∂Σ N B ≡ 0 and S-incremental ∇F (e i , ·) ∈ S ∪ {0} (i = 1, 2, . . . , d).
Inductive lemma
Let P 0 be a purification of the Rokhlin tower T 0 and let F 0 : X → G be a T 0 -internal, S-incremental P 0 -step function.
Fix ǫ > 0, 0 < r < 1 5
, σ ∈ S and A ∈ B + . There exist • a Rokhlin tower T with ǫ T < ǫ and a purification P, and
Consider the measurable partition α := {A 1 , A 2 , . . . , A K , X \ A} of X.
Fix 0 < δ ≪ ǫ. By the ergodic theorem,
where a n := a∈α, n≥n
Now let T be a Rokhlin tower with N T ≥ n δ and ǫ T < δ. Let α = α ∨ {a n , a c n } ∨ {B P , B c P } and let β be the α-purification of B T with P the α-purification of T .
Define
By the Chebyshev-Fubini theorem,
To obtain F satisfying the essential value condition, we make two changes to F 0 . The first preparatory change is to ensure that F will be T -internal and S-incremental. Let
and define
The change was made on full T 0 subtowers in the purification and so
Moreover, F 1 is S-incremental again because the change was made on full T 0 subtowers in the purification and on the remaining T 0 subtowers, F 0 is S-incremental. We can now define F : X → G by
The changes made were small enough for (a). It follows that F is T 0 -internal and S-incremental. and 0 < ǫ n+1 < ǫ n < 1 2 n to obtain a sequence of S-incremental F n : X → G so that for each n ≥ 1, µ([∇F n (e i , ·) = ∇F n−1 (e i , ·) ∀ i = 1, 2, . . . , d]) < ǫ n ; (a n ) µ({x ∈ A n : ∃ u ∈ Z d , T u x ∈ A n & ∇F n (u, x) = σ n }) ≥ rm(A n ); It follows that for m-a.e. x ∈ X, k ∈ Z d , ∃ lim n→∞ F n (k, x) =: F (k, x) and F : Z d × X → G is a S-incremental cocycle satisfying EVC T (σ + U, C, A) ∀ A ∈ A, σ ∈ S, U ∈ T 0 . By the Ergodicity Proposition, the skew product action is ergodic.
Remark. Theorem 2 can be generalized to free actions of countable amenable groups. The appropriate Inductive Lemma is established using The Rokhlin Lemma for countable amenable group actions as in [OW87] .
